The properties of the preprojective algebra are very different whether the associated quiver is of Dynkin type or not. However in both cases, one can construct from it a triangulated category of Calabi-Yau dimension 2. In this note we explain the generalizations of this fact in the context of higher preprojective algebra, and we give some homological properties that characterize preprojective algebras.
Classical case
Let k = k be an algebraically closed field. Let Q be a finite quiver. The double quiver Q of Q is defined from Q by adding for each arrow a ∈ Q 1 an arrow a in the opposite direction. The preprojective algebra of Q is defined by
This notion has been defined by Gelfand and Ponomarev in [9] . Example 1.1. Let Q be the following quiver 1
. The preprojective algebra of Q is presented by the quiver 1 To preprojective algebras we can associate some triangulated categories with a duality of Calabi-Yau type. Definition 1.3 (Kontsevich). Let T be a k-linear triangulated category with finite dimensional Hom spaces. The category T is said to be d-Calabi-Yau if for all objects X, Y in T , there exists an isomorphism
The link between preprojective algebras and Calabi-Yau categories is given by the following classical result. • if Q is Dynkin, the preprojective algebra Π Q is finite dimensional selfinjective and the stable category mod Π Q is 2-Calabi-Yau.
• if Q is not Dynkin, then Π Q is infinite dimensional and the bounded derived category
The aim of this note is to explain how this result generalizes to higher preprojective algebras. As a tensor algebra, the preprojective algebra of Λ is naturally equipped with a structure of positively graded algebra, with Λ as degree 0 subalgebra. Remark 2.2. Ringel showed in [15] (see also [5] ) that there is an isomorphism Π Q ∼ = Π(kQ).
Example 2.3. If Λ is the the polynomial algebra in d variables, it has global dimension d and its associated preprojective algebra is isomorphic to the polynomial algebra in d + 1 variables.
From now on Λ we only consider the case where Λ is finite dimensional. We de-
We define the following subcategories of D b (Λ):
Since the algebra Λ has global dimension d, we have an isomorphism between
⊗p which is the homogeneous part of degree p of Π(Λ). Therefore one verifies that if Λ is d-RF, then Π(Λ) is finite dimensional, and if Λ is d-RI, then Π(Λ) is infinite dimensional.
For d = 1, the functor S −1
1 is isomorphic to τ −1 the inverse of the AuslanderReiten translation of the derived category D b (kQ). Then using Gabriel's theorem it is immediate to check the following equivalences:
Example 2.5. Let Λ be the algebra presented by the quiver 1 a / / 2 b / / 3 with the relation ba = 0. Then Λ is 2-RF. The preprojective algebra of Λ is presented by the following quiver with relations:
There is a systematic way of constructing the preprojective algebra of an algebra of global dimension 2. We refer to [13] for a description of the precise construction.
Example 2.6. Let Λ be the algebra presented by the quiver 1 y / / x / / z / / 2 y / / x / / z / / 3 with the commutativity relations. Then Λ is 2-RI. The preprojective algebra of Λ is presented by the following quiver with the commutativity relations: Here again, property (2) is an algebraic (and graded) enhancement of the (d+1)-Calabi-Yau property for the category mod Γ. This is the bimodule property that must be satisfied by Γ to ensure that mod Γ is (d + 1)-Calabi-Yau. It is given as follows:
Results

d-RI
The implication (1) ⇒ (2) is shown in [7, Thm 3.2] , while the implication In general the finite dimensional preprojective algebras are not selfinjective but their behaviour is still similar to the one of the preprojective algebras of d-RF algebras. In the case d = 2, it is shown in [1] that when Π(Λ) is finite dimensional, it is the endomorphism ring of a cluster-tilting object in a certain 2-Calabi-Yau category. Keller and Reiten proved that such algebras are Gorenstein (that is projdimDΠ = injdimΠ < ∞). Hence the correct analogue Calabi-Yau triangulated category is given by the stable category of maximal Cohen-Macaulay Π-modules. Indeed they proved in [12] that the category CM Π(Λ) is 3-Calabi-Yau.
These results were the motivation for the following characterization of finite dimensional preprojective algebras. Then Λ has global dimension d and Γ ∼ = Π(Λ) as graded algebras.
Here property (b) is again an algebraic (and graded) enhancement of the (d+1)-Calabi-Yau property of the category CM Γ.
One also shows in [3] that these properties are satsified by finite dimensional preprojective algebras in the case d = 2 and d = 3 using the description of Π(Λ) in term of quivers with relations.
